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A simple gauged linear sigma model with several parameters to take the symmetry breaking and 
the mass differences between the vector meson and the axial vector meson into account is considered 
here as a possibly useful "template" for the role of a light scalar in QCD as well as for (at a different 
scale) an effective Higgs sector for some recently proposed walking technicolor models. An analytic 
procedure is first developed for relating the Lagrangian parameters to four well established (in the 
' QCD application) experimental inputs. One simple equation distinguishes three different casesJ. 

, QCD with axial vector particle heavier than vector particle, ii. possible technicolor model with 

■ vector particle heavier than the axial vector one, iii. the unphysical QCD case where both the 

KSRF and Weinberg relations hold. The model is applied to the s-wave pion-pion scattering in 
QCD. Both the near threshold region and (with an assumed unitarization) the "global" region up 
to about 800 MeV are considered. It is noted that there is a little tension between the choice of 
"bare" sigma mass parameter for describing these two regions. If a reasonable "global" fit is made, 
there is some loss of precision in the near threshold region. 
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I. INTRODUCTION 



The linear sigma model 1] containing the pion field and a scalar field, sigma has played a very important role 
in particle physics during the last half century. Originally, it helped to clarify the role of chiral symmetry and its 
^ spontaneous breakdown ^ in strong interaction physics. The partial conservation of the axial currents together with 
CNl ' their algebraic structure resulted in calculations for low energy pion physics which gave, for the first time, reasonable 
OO agreements with experiment. While the original calculations [3] were roundabout, it was found that they could be 
"nI ' greatly simplified by straightforward perturbative calculations in the non-linear version of the model obtained by 
assuming the sigma field to be very heavy. Experimental evidence at that time did not clearly demand a light sigma 
' meson. 

, Remarkably, the original linear version also turned out to be useful at a higher energy scale as the Higgs potential 
Q of the electroweak standard model, with the sigma identified as the Higgs field. 

More recently there has been some renewal of interest in the linear model for two different reasons. First, many 
people began to accept that a light sigma plays an important, but slightly hidden, role in low energy pion scattering. 
Second, the idea of "walking technicolor" theories Q has gained some popularity. These theories furnish interesting 
candidates for an effective Higgs sector which has some similarity to the effective chiral Lagrangians associated with 
' the color QCD theory. Such effective Lagrangians usually include, in addition to spin fields, spin 1 fields since 
"vector meson dominance" is a well established feature of low energy strong interactions. Especially, the interplay of 
the composite technicolor vector and axial vector bosons appears to play an important role. 

Our initial motivation is the further understanding of the properties of light scalar mesons. This is essentially 
connected with the s-wave pion pion scattering problem and also with the generalization to three light flavors of 
the underlying quarks. Some characteristic papers in the recent revival of interest in this subject are Q-js^. A 
fascinating aspect is the possibility that the light scalars contain two quarks and two antiquarks rather than one 
quark and one antiquark [3l|. Consideration of the surprisingly light masses of such a "four quark" scalar nonet 
together with the surprisingly heavy candidates for a different, conventional "two quark" nonet suggests [11] a mixing 
between the two nonets. As discussed in section V of [sg'I, it seems instructive to formulate this in a chiral invariant 
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way using a generalized SU(3) linear sigma model. This enables one to formally distinguish four quark vs two quark 
mesons by means of their differing axial U(l) transformations as well as to compare four quark contents of scalar 
and pseudoscalar states. Other related work on mixing includes [s^- Now in these generalized sigma models 

there are more than one scalar and the s-wave scattering is more complicated. At least qualitatively, the s- channel is 
dominated by these scalars. In the region near threshold, the lowest mass sigma is most important. Thus, as a start 
to studying the effects of the vector mesons in such models, it seems natural to go back to the original linear sigma 
model and add the vector meson, rho with its chiral partner. Of course, this is not a new subject. A review of older 
work is given in [43| and recent papers include those in [43 | . 

Even though the plain linear sigma model is quite simple to deal with, the addition of spin 1 fields increases the 
overall complexity by an order of magnitude. In this paper the vector and axial vector fields are added as (initially) 
Yang Mills gauge fields. The local gauge symmetry is then manifestly broken by the addition of the three simplest 
chiral invariant spin 1 field mass terms. A somewhat new feature of the present work is that the determination of all 
Lagrangian parameters is carried out analytically with respect to the experimental inputs. The s-wave pion scattering 
is studied both for the threshold region and for the region away from threshold which is expected to be influenced by 
the presence of the lightest sigma. The scattering is explicitly compared with that of the plain linear sigma model as 
well as with experiment. 

Because we have a simple connection between the Lagrangian parameters and the physical inputs, it is straightfor- 
ward for us to also discuss application of the model to the non-QCD, but presumably chiral, situation which describes 
the walking technicolor theories. In particular, the case [45| where the vector meson is heavier than the axial vector 
meson will be treated in detail. 

In section II, we expand the model Lagrangian in terms of the component fields representing the scalar cr, the 
pseudoscalar, tt the vector and the axial vector, A^^. Section III first discusses the diagonalization necessitated by 
the Afj, ■ 9^7? term in the Lagrangian. This results in "physical" pion and axial vector fields denoted with tildes. In 
general, the tilde will also be used on other objects to denote the fact that they are "physical". Especially, in this 
section, the crucial job of determining the parameters of the Lagrangian from experiment will be discussed in detail. 
In section IV the complicated formula for the invariant Mandelstam amplitude in pion-pion scattering is computed 
at tree level. The s-wave partial wave amplitudes with 1=0 and 1=2 are then given explicitly. Section V discusses 
these amplitudes near threshold and also briefly explains their unitarizations by the K-matrix method. In section 
VI, the behaviors of the s-wave amplitudes away from threshold are treated. Section VII discusses some connections 
of this model with some interesting other work; first the limit of the present model in which the Weinberg [46] and 
Kawarabayashi Suzuki Riazuddin Fayazuddin (KSRF) [U relations both hold is discussed. In addition, a systematic 
treatment of the model is given for the case in which (going beyond the application to low energy QCD) the vector 
meson mass is greater than the axial vector meson mass. Section VIII provides additional discussion. In the Appendix, 
it is explicitly shown how the scattering amplitude reproduces the "current algebra" result of the chiral model without 
spin 1 fields in the limit where the sigma mass goes to infinity. 



II. LAGRANGIAN 



Here, we present the version of the SUl{2) x SUr{2) gauged linear sigma model Lagrangian to be studied. The 
basic fields are the scalar, a and pion, tt, which are contained in M = (a + in ■ f)/^/2 and its Hermitian conjugate. 
The starting piece is the kinetic term for M, which is invariant under the chiral transformation, M' = UlMUj^^ . One 
can naturally introduce the left (/^) and the right (r^) vector fields by gauging the chiral symmetry. The resulting 
gauge invariant Lagrangian density is then, 

>C = -ItHF^^F;^, + F^FD - \Tr{D,M^D,M\ (I) 
where the covariant derivatives of M and are, 

D^,M = df,M- igl^M + igMr^, 

D^M^ = d^M^ -igr^M^ +igMn^, (2) 
and the field strength tensors take the form, 

^fj,v ~ dp^li, di/lp^ ig[lp^, Zjy], 

FJlu = df,r^ ~ d^rf,-ig[rf,,rt,]. (3) 
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The vector and axial vector mesons are defined as 

= lu,+ 

The terms which contribute to particle masses are: 

- mlTr{lf,lf, + r^r^) + BTr{Mr^,MH^) - CTr{llMM^ + r^MtM) - Vo{M, M^) - Vsb- (5) 

The first, mg term, which breaks the gauge invariance (and also the formal scale symmetry), gives the same mass 
to the vector and the axial vector mesons. The C term also gives the same mass to both spin 1 mesons, but maintains 
the scale symmetry. The B term breaks the mass degeneracy of the two spin 1 mesons. This is important since, 
experimentally, the lightest isovector, axial vector meson with negative G-parity (the oi(1260) is heavier than the 
rho meson. Another contribution to this mass splitting arises from spontaneous chiral symmetry breaking in the 
model, but this effect by itself will be seen to be insufficient. The last two terms are the scalar potential terms which 
respectively yield the spontaneous chiral symmetry breaking and the explicit symmetry breaking due to the small 
quark mass; explicitly. 



(4) 



yo(M,M^) = ai(cr2 +7r-7r) + a3(cr2 +7f •7r))2, Vsb = -2^/2Aa. (6) 

Here, as is positive while ai is chosen to be negative so that spontaneous chiral symmetry breaking will give a 
nontrivial vacuum expectation value v for a. The explicit symmetry breaking term Vsb mocks up the light quark 
mass terms. The coefficients in this potential can be determined by the minimum condition in terms of the sigma and 
pion mass parameters, with the definition V = Vo + Vsb, &s follows: 

dV 

< — >= = 2aiv + ^azv'^ - 2\/2A, 
da 

< >= ml = 2ai + 12a3^;^ 
<^^>=ml = 2ai+Aa3V^. (7) 
Prom this, one can easily derive the coefficients, 

o 2y/2A 

1 

The potential terms can be expressed in terms of the fields as: 



Vo{M,M^) = ^ml7f-7f+^mla'^ + ^gan^a7f-7f+^g4{w-Tff + ..., 

9i = • (9) 

■u V 

Here, quadrilincar terms involving a have not been written. Also note that the quantities m.^, Qcrnn and g4 are not 
the physical ones, which will be defined later. 

Now, we express the rest of the Lagrangian in terms of the component fields. The spin zero meson kinetic terms 
are: 



+9^[-^Af, ■ + ^eabcanaV^bA,.c + ■ V^.)^ - ^(vr • 7r)iV^ ■ V^) - ^{n ■ A^)% (10) 

Here, it is understood that a ^ v + a where a is the physical a field. 
The Yang-Mills terms are: 

~\Tr{Fl,F;^+Fiy^J = -\[{d,V,a-d,V^a? + {d,A,a-d.A^a?] 

- -;^J=eabc[{d^Vuc - d^Vfj,c){V^aVub + A^aA^b) 

- {df,A^c - d^Af,^){V^aA^b + A^aV^b)] 

- Y^iv, ■ y,? {y, ■ y^f + (4 • 4)' - (4 • 

+ 2(t7^ • t7^)(A; • K) - 2(l7 . i7 . X) 

+ 4(1/^ • A;)(K • K) - 2(T^^ • K){V^ ■ A,)\. (11) 
Finally, the spin one meson mass terms are: 

1 2, 



2 
I 

1 o . - - r . 1 ... 1 



-CTrHlMM^ + rlMHd) = --{V^ ■ + A^ ■ A^)(<j^ + tt • tt ) 



BTriMr^MH^) = B[-aHV^ ■ - A^ ■ A,,) - -eabcanaV^bA^c + ji^f ■ V^,f 

-^(^ • ^)(V, ■V^)-\{^- A,f + i(7f . 7r)(A, ■ A,)]. (12) 

III. DIAGONALIZATION AND DETERMINATION OF PARAMETERS 

In this model, we have the five parameters g, v, uiq, B and C to be determined from experiment, g and v are 
intrinsic parameters of the model while ttiq, B and C represent different ways to introduce vector and axial vector 
masses. Specifically the vector and axial vector masses are given by: 

my ^ i""*" Y' 

= Too + — + C^y + = m + (13) 

We see, from the third term on the right hand side of Eg. pTI)) . that the Lagrangian yields a pion-axial vector meson 
mixing term proportional to vA^ ■ 9^7?. The Lagrangian can be diagonalized by introducing the physical (tilde) 
quantities as 

TT = wt:. (14) 



b is determined from the condition of zero mixing between the physical pion and the physical axial vector meson, 
while w is determined from the condition of correct normalization of the pion kinetic term. We find 
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The following alternate forms also are useful: 

gvw 



V2m\ 
1 



^ = ^ = (16) 

Note that m'p was defined in Eq. (fT5|) above. The physical pion decay constant, F^r is obtained from the Noether's 
theorem calculation of the single particle contributions to the axial current in our Lagrangian: 

= y^d,n+-gv'A+, (17) 

where we used Ea. (fn)l and, for example, 7r+ is the physical positive pion field. 
The coefficient in front of cJ^tt"*" is identified as the physical pion decay constant: 

K = ^. (18) 
w 

Finally, we determine the pmr interaction terms. For this purpose we collect the terms of this type from Egs. JlOp 
and (jlip wherein the pion- axial vector diagonalization given in Ea. (jl4p is taken into account: 

_ _ . 5 2 wg^bv wBbv gb"^ <^ ~ - / r^\ 

jOp-^n = iabcVfj.aTTbOtJ.Trcl-^W H 1 J - —^eabcOp.V^cOp.'n'aOi.nb. (19) 

The last term constitutes a three derivative piece of the pmr interaction. Note that, if one wishes to express it as 
an effective single derivative interaction, there will be a different result for p — > tttt decay (where p is on mass shell) 
and TT-TT scattering (where p is off mass shell). 

From this, we can obtain the effective pnn coupling constant for on-shcU rho as: 

g;fi^gil-^^^lml). (20) 

The coupling constant gpH. is related to the p meson width by 

r{p)^{g%if\q^\'/il2nml). (21) 
For r(p) = 149.4 MeV, one finds « 8.66. 

Now we will solve for the vacuum value, v by the following procedure. First replace w in the second of Eqs. (|15p by, 
from Eg. (fT8|) . the quantity \/2v/F^. Then replace 2m'Q by, using Eqs. (fT3|) . 2m\ — g^v^. Squaring both sides gives 
the quadratic equation for v^: 

.^-^.^ + ^ = 0. (22) 
5 2g^ 

This can be solved easily in terms of g^v^ to get: 



2 2 2 

g V =m^ 



(l±ll-^)- (23) 



This is an equation which determines the product gv in terms of g and experimentally known quantities. We can 
find another relation between g and v by substituting Bv"^ /2 = m\ — — g^v^ j2 and b = gvwj {^/2m\) into Eq. ([20|) : 



9%i 2^;^^^ (2« - ml) - g^Al - ^)) ) (24) 
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Substituting Eq. p3)l into Eq. ((24|) gives an equation for the Yang-Mills coupling constant, g by itself. Knowing this 
we can substitute back into Eq. (l23p to determine v. Then we can determine B from: 

B^^i-^-mD-g^ (25) 

Finally, we may determine the linear combination, TOq + from: 

ml + Cv^ {ml + m\)/2- g^v^ /A. (26) 

Note that from the four given inputs it is only possible to obtain the given linear combination of ttiq and C. Later we 
will consider two different "models" corresponding to either toq =0 or mp 7^ 0. Table [J shows the results based on 
the best fit value of mA as well as its maximum and minimum values. Note also that the solution requires the sign 
in Eq. ((23)) to be positive. The solutions with zero value for the square root and with the minus sign will be discussed 
in a later section. 



mA in GeV 


g 


V in GeV 


w 


b in GeV-^ 


B 


ml + Cv'^/2 in GeV^ 


1.270 


7.83 


0.2 


2.2 


1.55 


-12.9 


0.456 


1.230 


7.78 


0.197 


2.13 


1.53 


-13.73 


0.467 


1.190 


7.72 


0.19 


2.06 


1.51 


-14.65 


0.468 



TABLE I: g,v,'w,b, B ,ml -f Cv^ /2 as functions of the axial vector meson mass. We used _F,r=0.131 GeV, mp=0.775 GeV, 
(;p{{=8.56 as inputs. Note that g, w and B are dimensionless. 

It can be seen that the predicted parameters are not much affected by the uncertainty in the mass of the ai(1260) 
meson. Thus we will use the central value in what follows. 



IV. PION-PION SCATTERING AMPLITUDE 



At tree level, the conventional Mandelstam scattering amplitude, A(s,t,u) has the following contributions: 
1) Zero derivative contact term: 



/cTTrTrW^/w, 

~g,^^ EE —{ml ~ ■-^). (27) 



Note that Eqs.Q and were used in obtaining this result. 

2) Two derivative contact term: 

(y + B - C)b'^ii?s - Bb^rhlw^ + 2b^Cmlw^. (28) 

Note that the factor is due to the presence of a physical pion field in the original axial vector meson field, A^^ , as 
described in the first of Eqs. p^ . Thus, b^ labels the two derivative interaction terms. 

3) Four derivative contact term: 

- y6''(2s2 -f-u^- Ylm\s -h 16m^) (29) 

Note, as above, that the 5^ factor indicates these terms arise from the quartic Yang-Mills interaction of the axial 
vector gauge field. 

4) Sigma pole in the s- channel: 

-^—{-~ga^^^^mlgbw-2G{ml-^--)f, (30) 
•mi — s 2 



where. 



vg%^ vBb^ 2gbw C, 

G — : ^ —0 V. (31) 

2 A y/2 2 ^ ' 
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5) Rho poles in the t and u channels: 



— t 



[-Gi 



552 
2V2 



9^ 



(32) 



where, 



2m'l 



(33) 



The full amplitude A(s,t,u) is, of course, the sum of all five pieces just written. Since it is rather complicated, we 
verify in the Appendix, that in the TOo- goes to infinity limit A(s,t,u) reduces to the correct "current algebra form. 
Here, we will be interested in the / = 0, 2 projections: 



T° = 3A(s,t,u) +yl(i,u,s) + A(m, s,i), 
= A(i,u,s) + A(m, s,f). 



(34) 



where the Mandelstam variables are s = 4(pJ + mj), t = —2p^{l — cos6), u = — 2p^(l + cos9), p^r being the spatial 
momentum of the pion in the center of mass frame. 

The angular momentum I partial wave elastic scattering amplitude for isospin / is then defined as, 



1 / 477)2 /•! 

1 ^ / dcosePi{cos0)T'{s,t,u) 



647r 



(35) 



-1 



Using the above formula, we get: 



^0 



1 



io(- 



mi — s 



-g„^^ + V2mlgbw ~ 2G{ml - -)Y 



+2{ClSi + 2C1GS2 + G253) + 4(G?i?i + Gi^R2 + ^Ra) 

V2 o 

g%\ ^2 , 324 



-i-2s' + 



^ + A8mls + 32m4) + Qb^w^{^ + B - C)s + 2b'w^{^— +B- C){-Apl) 



24m2 s + 32™ 



(36) 



where 



Ci = -.go-TTTT + V2rhlgbw ~ 2Gml, 

Si = -^/n(^^ii^), ^2 = mlSi - 2, 53 = 4p2 + ^IS^, 
2pi mi 



Ri 



1 , ml + Apl 
2pl 



)(s + m2 + 4p2) - 2, i?2 = mlRi - Apl - 2s, R3 ^ mlR2 



16pt 



Apis. 



(37) 



Similarly for the 1 — 2 case: 



1 

64^ 



Ami 



4(- 



mr^jw 



-AiClSx + 2CiG52 
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G253) 



-w'^ + {2C - B)b^ii?ml) 
A{G\Rx + 2GigbR2 + gb^R^ 



g%^ 



(-2s2 



324 



48m2s + 32m^) + 262w2(^ + B - C){-Apl) 



(38) 



SCATTERING NEAR THRESHOLD 



Using the well known experimental results for the rho mass and width as well as the ai(1260) mass, we specified 
in Table U the Lagrangian parameters g, v, w, b, B and the linear combination mg + Cv^ /2. The only remaining 
"unknowns" are the "bare" mass of the sigma, m„ and the relative sizes of TOq and C . For definiteness we will 
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initially consider the case, mo =0; soon we will see that the case, toq 7^ 0, gives a poorer fit in the region away from 
threshold. Then the near threshold scattering will depend just on the value, TOq-- Of course one first considers the 
s-wave scattering lengths. 

The scattering length niT^a^ is plotted in Fig. [1] as a function of nia. Also shown are the predictions in the case 
of the "pure" linear sigma model, in which the vector and axial vector mesons are absent. It is seen that any given 
value of mTrflo (above the "current algebra" value of about 0.16 [i^) may be obtained for some ma. However, for a 
given value of the scattering length, m„ is seen to be substantially lower when the vector and axial vector mesons are 
present. The experimental value of about 0.22 is obtained for TOq- w 550 MeV in the plain linear sigma model but for 
Too- w 360 MeV in the model containing the spin 1 mesons. Fig [2] similarly shows the dependence of the non-resonant 
scattering length, niT^af^ on mg.. 

Note that, for example. 



±0_ 

P 



v/1 - ^ml/s, (39) 



wherein Tq /p is evaluated at threshold, remembering to first cancel the overall factor of p in Tq. The amplitude is 
purely real in the present tree approximation. It is clearly convenient to compare with the real part of the partial 
wave amplitude. The experimental real part, Rq is related to the experimental phase shift, 5q as 

i?« = iszn(2<5o"). (40) 

In Fig[3l for orientation, some values of Rq near threshold obtained from the phase shifts found by the Na48/2 
experiment [49l | are shown. It can be seen that these data points near threshold may be reasonably explained by a 
value of mcr ~ 0.42 GeV in the present model including spin 1 mesons but with the larger value nia- ~ 0.62 GeV in the 
model without spin 1 mesons. It is hard to distinguish the two fits at the lower energies but above ^/s w 0.35 MeV 
the two model curves begin to diverge from each other and also to approach the unitarity bound, Rq =1/2. Clearly, 
the accuracy of the model must be improved to obtain a "global" description of the physics which does not violate 
the unitarity bound. 

An easy way to cure this theoretical problem in the present model is to use the well known K matrix unitarization. 
As applied to Eg.pB]). we identify the "Born" term Tg with K and write for the unitarized partial wave amplitude, 
(TS)u: 

(TS)U - j^. (41) 

Clearly, near threshold, where Tg is small, the unitarized amplitude is essentially the same as the non-unitarized one. 
This unitarization is actually familiar in ordinary scattering since it converts a generic simple pole into a Breit Wigner 
form. Diagrammatically, it has the structure of a " bubble sum" . It is easy to verify [5C| that the scattering length 
is unchanged from the value obtained at tree level with this type of unitarization. Although the amplitude is now 
exactly unitary, it is important to recognize that this K-matrix procedure is, after all, a model. 



VI. SCATTERING AWAY FROM THRESHOLD 



Fig. m shows the unitarized amplitudes, just defined, calculated up to 1 GeV. Both the linear model with rricr = 
0.62 GeV and the present model with additional spin 1 fields and rria = 0.42 GeV are again seen to start the same 
way. However afterwards, the spin 1 model amplitude rises more sharply and has its first zero, as required [ since 
Rq = Tq /(I + {TqY) goes to zero when Tg goes to infinity] at 0.42 GeV while the plain linear model amplitude has its 
first zero at 0.62 GeV. The shapes of these two curves do not fit the experimental data beyond the threshold region 
very well. A more realistic fit would correspond, for example, to a plain linear sigma model which has its first zero in 
the 0.85 GeV region; see Fig. 8 and Table II in the first paper in ref. [3^. (It is also seen there that the addition of 
the scalar /g(980) in that SU(3) linear sigma model framework allows one to fit the peculiar looking amplitude from 
about 0.8 GeV to about 1.2 GeV.) As a check of the validity of this "global" fit up to about 0.8 GeV we note that 
the sigma pole position came out to be in decent agreement with the one recently obtained by a detailed analysis (sij 
of the experimental data. The sigma pole position in the complex s plane is found by separating the tree amplitude, 
Eg. ipS)) into pole and non-pole pieces as: 
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FIG. 1: The scattering length m^ap as a function of the sigma mass in GeV. The sohd hne: pure Unear sigma model. The 
dotted line: the present model including spin 1 mesons. 

Then the pole position, z in the complex s plane for the K-matrix unitarized amplitude, {Tq)u is the solution to the 
equation, 

(ml ~ z){l - ia{z)) - iP{z) ^ 0. (43) 

We find the numerical result in the simple K-matrix unitarized linear sigma model without spin 1 particles, z^/^ = 
0.51 -iO.23. This may be compared with the recent value, z^^^ = 0.461 -iO.255, with an uncertainty of about .015 in 
each term. In Fig. Othe model amplitudes for both the plain linear sigma model and the one with spin 1 particles are 
plotted up to 1.4 GeV using m„ =0.85 GeV just mentioned. The case including spin 1 particles was calculated with 
the choice mg = so that C 7^ 0. ( Remember that only the combination TOq + is known from our inputs.) 

While, as we just mentioned, the curve for the plain linear sigma model essentially fits the data, the curve representing 
the model with spin 1 particles is a rather rough approximation to it. This can be verified by noting that the pole 
position comes out to be, z^/^ = 0.38 -iO.52. The fit is not improved by lowering the value of mer- 
it is also of some interest to look at the dependence of the predicted amplitude on the parameter TOq. for the case 
with spin 1 particles. The results for the non- zero choice, ttiq = 0.27 GeV^ are shown in Fig. [6l In this case the 
predictions for the uIq 7^ case seem to be further distorted, showing that mg =0 provides a better fit. 

How much does the rria =0.85 GeV choice, which was used for the region up to about 0.8 GeV change the fit to the 
data close to threshold obtained with smaller values of TOq-? This is shown in Fig. [71 Clearly, both plots lie below the 
low energy data. Thus there is some tension between a reasonable fit close to threshold (which requires a low value 
of TTia-) and a fit over a larger range (which requires a larger value of m^). 

Of course, it is clear that the direct channel fo(980MeV) state must be also included to adequately treat the 
scalar 1=0 amplitude in the region from 800 to about 1200 MeV. We consider this region to be beyond the range of 
applicability of the model with a single sigma state. 

VII. CONNECTIONS WITH OTHER WORK 

In the historical treatment of chiral models containing vector and axial vector mesons as well as the pion, two 
plausible relations among their parameters - the KSRF [4^ and Weinberg [i^ formulas have been widely discussed. 
Eventually, it was accepted that they are not forced to hold by chiral symmetry but in some limit can be correlated 
with each other. These formulas are, respectively, 
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FIG. 2: The scattering length m^a2 as a function of the sigma mass in GeV. The sohd hne: pure Unear sigma model. The 
dotted line:present model including spin 1 mesons. 



J pirn 



- 2m2. (44) 



Numerically, the first relation holds to about 4 percent while the second only holds to about 26 percent. 

In the present work it was not necessary to use either of these formulas. Nevertheless, it may be interesting to first 
briefly discuss the limit of our model which correlates the two formulas. This limit corresponds to, first, approximating 
g^ll by g and, second, setting B=0. We will show that the Weinberg relation then implies the KSRF relation. From 
both of Egs.pS]) we then note that w"^ in Eq. p^ becomes simply, 

= ^ = 2. (45) 

Eq.([18l) then reads = so that, 

m\ - ml = ml= g\'/2 - g^F^/2, (46) 

which is the KSRF relation. Note that approximating gpH- by g amounts physically to neglecting the B term in the 
Lagrangian as well as the induced three derivative pmr interaction term. It is also seen that the two equations in 
Eq. (|44)) hold at the special point where the square root in Ea. (|23|) vanishes (with B=0). 

An interesting different possible application of the present chiral model containing vector and axial vector mesons 
is to the effective Higgs sector of the minimal walking technicolor theory [s] . That theory may provide the mechanism 
for constructing a technicolor model which gives consistent values of the electroweak "oblique" parameters. A char- 
acteristic feature is the situation where the vector boson is heavier than the axial vector boson. To investigate this 
possibility we now search for more general parameter solutions, including those with the negative sign in Eq. (j23p . 

It is convenient to define 

2m\ 

Then the pion wave function renormalization is given by. 



(48) 
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FIG. 3: Low energy data for real part of s-wave resonant amplitude plotted against ^/s in MeV. The dotted curve is a fit to 
the present model with mo- = 0.42 GeV while the solid curve is a fit to the plain linear sigma model with rricr ~ 0.62 GeV 



Eq.dlJ) then reads: 



X 



1± A 1 



Notice that to have a consistent solution for the parameters we must require: 



if piTTT O ^ 1 . , ' 



Finally, Eq.fjMj) can be rewritten as, 



where we defined, for convenience. 



2 



T = 



(49) 



(50) 



(51) 



(52) 



Note especially that when Eq. (P^ is inserted into Eq. ([5T|) . we can use it to find .g^^J^ as a function of g for given 

values of the physical quantities, F„ and m^. This determines g and then v etc. 

In FigEl in which the plus sign in Eq. ((49| has been chosen, the lower curve displays g'p^l: as a function of g for the 
physical choice, 



P \2 



TQCD = ( ) 

niA 



0.4. 



(53) 



We see that the physical value, g'tH « 8.56 corresponds to the value g — 7.78, which is safely below the bound at. 
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FIG. 4: Unitarized amplitudes plotted as a function of ^/s to 1 GeV. The dashed curve corresponds to the present model with 
rricr = 0.42 GeV while the solid curve corresponds to the plain linear sigma model with rricr = 0.62 GeV. 

The upper curve in Figl5] corresponds, for illustration of the nip > case, to a choice, t=1.2. In this case we have 
no experimentally a priori way of specifying the physical parameters and the bound. Nevertheless, we observe that 
g^ll would be exceptionally large for a reasonable solution. 

In FiglQl which corresponds to the choice of the minus sign in Ea. (|49| . it is seen that the QCD case (lower curve) 
has no consistent parameter solution since gpl{^ =8.56 can not be achieved for g < 9.46. On the other hand, the upper 
curve, which corresponds again to r = 1.2, gives reasonable values of gp-^l-. 

To summarize: the QCD case corresponds to the plus sign choice in Eq. (P^ while a possible consistent parameter 
solution in a non-QCD setting with rrip > rriA is likely to correspond to the minus sign choice. 

It is amusing to observe that the relation between the vacuum value v and Ft^ differs for the two sign choices: 

< V {+sign), 
Ft^ > V {—sign). (55) 

To see this note that for the plus sign case, Eq. (|49)) gives 1/2 < x < 1 which, using Ea. (|48|) translates to w > \/2 and 
the desired result when Eq. p^ is noted. The minus sign case is obtained similarly after first noting 1 < w < V2 in 
that situation. 

We have seen that the choice of sign in Eg. p^ distinguishes the two cases where m,p is less than or greater than 
niA- This choice occurs in fitting the parameters to experiment. It may be of some interest to ask how this distinction 
is related to the parameters of the effective Lagrangian directly. To investigate this, we just subtract the second of 
Eqs.Hni) from the first: 

ml-ml = ^^iB + g^). (56) 

In the QCD case, TableUshows that B is negative and that the right hand side above is negative because g^ > \B\. In 
the case which should correspond to a walking technicolor theory we evidently must require, if B is also negative, the 
opposite condition g^ < \B\. That condition seems intuitively plausible. Since B is the coefficient of a scale invariant 
term in the effective Lagrangian, we might expect it not to change sign in going from one theory to the other. 
Furthermore, we would expect the phenomenological coupling constant g to behave something like the underlying 
gauge theory coupling constant and hence to decrease in strength for a "walking" theory [5^. 
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FIG. 5: Unitarized scattering amplitudes to 1.4 GeV with rric, chosen to be 0.85 GeV for both the plain (solid curve) and spin 
1 meson (dashed curve) sigma models. Here mg — was assumed. 
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FIG. 6: Same as Fig. [5]but assuming mo — 0.27 GeV'^ instead 

VIII. SUMMARY AND FURTHER DISCUSSION 

First, we argued that a detailed treatment of the gauged minimal linear sigma model would be very helpful for 
developing a better understanding of the light scalar mesons in QCD. 

One quickly realizes, however, that such a model is much more complicated than the ungauged version. Hence, 
attention was first paid to developing an "analytic procedure" for relating the Lagrangian parameters to the four well 
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FIG. 7: Predictions for the choice rUa = 0.85 GeV in the region near threshold. Same conventions as in Fig. |3] 
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FIG. 8; g'pii: vs g with the plus sign in Eq.(|49j. The lower curve is the QCD case while the upper curve corresponds to a 
hypothetical "walking technicolor" case with rup > tua- 

established experimental inputs: -F^, rUp, Tp and m[ai(1260)]. The key equation obtained is Eq. (l^51) or equivalently, 
Ea. (j49p . If the minus sign in this equation is chosen, it was shown (in the last section) that there is no consistent 
solution of parameters when inputs are taken from the possible application to QCD of this model. On the other hand, 
the minus sign choice allows a solution with rUp > itia, which is plausibly related to a "minimal walking technicolor" 
application of the effective Lagrangian. If the plus sign choice is made in this equation, it was shown that the QCD 
application of the model is allowed though a "walking technicolor" application, while possible, seems to correspond 
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FIG. 9: 

Spiri g with the minus sign in Eq. ()49|) . The lower curve is the QCD case while the upper curve corresponds to a 
hypothetical "walking technicolor" case with nip > niA- 

to an extremely large rho boson width. There is also a special case in this equation when the square root vanishes so 
the sign choice is irrelevant. In that situation, the Weinberg and KSRF relations are both satisfied in the unphysical 
limit where B=0. 

In this work we did not impose either the Weinberg or KSRF relations. The model is self-contained and represents 
a spontaneously broken chiral SU(2) symmetry with an assumed particle spectrum of pi, sigma, rho and ai(1260). 

As a check, before comparing the computed s wave pion pion scattering to experiment, we verified (in the Appendix) 
that the complicated formula for the amplitude reduces to that of the non-linear sigma model without vectors when 
the sigma mass goes to infinity. 

To beg in the study of the scattering amplitude in the resonant s-wave channel we fit the near threshold NA48/2 
data [4^ up to about 370 MeV using the tree amplitude. A good fit was obtained by choosing the bare sigma mass, 
rrirj to be about 420 MeV. A similarly good fit in the sigma model without spin 1 fields needed nia to be about 
620 MeV instead (See Fig. [3]). Once a value of m.„ is chosen, the amplitude is also predicted at higher energies. It 
was pointed out (see Fig. [5] that those values of nia resulted in "global" pictures of the s-wave scattering which was 
considerably distorted. Much better "global" pictures emerge from choices of bare sigma mass, m.„ about 850 MeV. 
However such a value for mg. results in, as seen in Fig. [7l some loss of precision for the region just near threshold. 
From the standpoint of learning about the sigma, the higher bare sigma mass is evidently the more suitable one. 

The feature of getting similar fits with or without vectors, but with different values of the sigma parameters which 
emerged in the discussions in sections V and VI had been already observed some time ago ^19|]. In that case, the 
non-linear 3-flavor chiral Lagrangian was used instead and the region from threshold to about 1.2 GeV was fit. Rather 
than the K-matrix method, a phenomenological unitarization scheme was employed. It seems that the light sigma and 
the /o(980) are, not surprisingly, the main features of the 1=0, s-wave pion-pion scattering amplitude in this energy 
range. Adding the rho meson changes somewhat the parameters of the sigma needed for fitting. 

Comparing the "global" fits to the resonant s-wave pion pion scattering amplitude up to about 800 MeV, it is 
seen that the linear sigma model without the spin 1 particles actually gives a better fit than the one with the spin 1 
particles included. This seems to be due to the higher polynomial terms induced by the Yang Mills interaction. 

If one takes the present model at face value, the underlying Lagrangian appears to describe all the contained 
particles as quark anti-quark composites. In the mixing picture mentioned earlier [s^ - (4^ . where all the particles 
are mixtures of these "2 quark" states with "4 quark" states, this work should be modified to include two different 
chiral multiplets and the 2-fiavor case upgraded to the 3 flavor case for more realism. This has been done for the case 
without vectors and axial vectors in the mentioned references so adding the spin 1 particles in that framework is a 
next step. We would expect that the general behaviors of the lowest lying sigma and the rho and ai(1260) would be 
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similar to those in the present model. 

Also in the application to the minimal walking technicolor model Q , the present piece would have to be embedded 
in a larger framework with an initial SU(4) symmetry. One might similarly expect that the behaviors of the sigma 
(=Higgs) and the technicolor spin 1 bosons would be similar to those seen here (ssj . 
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APPENDIX A: LARGE SIGMA MASS LIMIT 

We verify here that, in the large sigma mass limit, our scattering amplitude reproduces the well-known result of 
the chiral model: A{s,t,u) — 2(s — m1)/F^. 

The most crucial piece is the sigma pole contribution in the s channel given by Ea. (|30p . We start by expanding the 
denominator: 

' - ' (Ai) 



— s rrv^ — in^ / w'^ — / 

Next we rewrite the numerator of Eq. (|30p so as to display the rricr dependence: 



^{ml - rhl/w') + ^2—{V2gbwml - 2G(m2 -'-)) + ■■■, (A2) 
V 2 

where the dots indicate terms independent of m^. These two equations give the result for Eq. (|30|l : 



^{ml ~ ml/w') + ^(s - rhl/w') - 2—iV2gbwrhl ~ 2G(m2 _ (A3) 



Notice that the first term above is cancelled by Eq. (P7|) . For simplicity we will consider the C=0 case since the C 
contribution ends up not contributing in the present limit. Then Eq. (j28p just gives: 

-Bb^w^ml + b^w^{B + ^)s. (A4) 

Next, note that the contribution of Eg. ([^5)) is higher order in and hence negligible for the present purpose. Finally, 
the rho pole contribution of Eq. ((32| to leading order has the form 

3^-4^1^ 

The net result so far consists of Ea. (|A3[) without the first term, Eq. (jA4[) and Eq. (|A5[) . 
We use the following expressions to simplify these terms: 

2V2—gbw = ^w'^iw'^ - 1), 

4G^ = ±{w' ~ X){v? + 1) - - l)^ 

V V g V 



2 2to'o 



2 I ' 

2 



Then, the part of A{s, t, u) proportional to s is: 
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s[^((3 - 2^2) + — (z/;^ - 1)^ + ^(1 - - 1))^)], (A7) 

while the part proportional to is: 



m^h^ - \w\w^ - 1) + 4(^^ - + 1) - - 1)^ - ^(1 - - 1))']- (A8) 



We will now show that Eg. (j A7p is equal to ~. For this, we notice that the terms which do not include B in Eq. (|A7p 
become 

s[3 - 2«;2 + |!^] = ,[3 - + ^(2m2 + Bv')(v? ~ 1)] = .[z.^ + ^(u;^ _ ^y^^ (^9) 
where we used, 

g2„2 ^ 2m'o(w2 - 1) = (2m2 + Bv^){w^ - 1). (AlO) 
Then, all B terms in Eq. (IA7p and in Eq. (|A9p can be arranged to give: 

It is easily shown that this is equal to zero using the relation (jAlOp . Then, we can see that Ea. (|A7p becomes 

2 o 

= tI-, which is the desired result. 
The toJ part can be treated similarly. The terms which do not include B in Eq. ljASp become 



^ _ 4^2(^2 _ 1) + ^(^2 _ i)(^2 + 1) ^ ^] 



= rhl[-^~^{w^~l)]. (A12) 

The first term on the second line, —m^-up'/v^ is just —2rn^/F^, while the second term is proportional to B. Then all 
terms linear in B in Eg. ljASp become 

ml[ -{w^ - 1 - ^{w^ - 1 + —{w' - 1 



2 .gVl, ..,.252 



-2 ^ ^^,(«;2 - 1) 2iw- - 1) - il-^ ] = m^[^(«;2 - 1)^], (A13) 

9 "^n 



m2 



where in the second line, we used the relation, Eg. ljAlOp . This term is exactly the negative of the term in 
Ea. (|A8p . so all B terms cancel out to give the desired result. 
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